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Velocity distributions, pressure gradients, and overall pressure drops are presented. A definite 
concavity wos found in the velocity profile near the entrance for case 1. In  case !I, which is 
more realistic physically, very definite effects are transmitted upstream, and the velocity 
distributions downstreom show little concavity. 

The steady laminar flow of an incompressible Newto- 
nian fluid in the inlet section of parallel plates has been 
investigated by several authors (1, 2 , 3 , 4 ,  5) using bound- 
ary-layer theory. In all cases the velocity distribution at 
the entrance was assumed to be flat, and the assumptions 
inherent in boundary-layer theory were made, that is both 
the derivative a2ux/ax2 and the pressure gradient normal 
to the plates were neglected. Schlichting (1, 2 )  integrated 
the boundary-layer equations downstream from the en- 
trance and joined this solution with one obtained by in- 
tegrating the same equations in the upstream direction 
from the asymptotic parabolic distribution. Bodoia and 
Osterle ( 3 )  numerically integrated the boundary-layer 
equations, and Collins and Schowalter (4 ,  5 )  used 
Schlichting’s method with refinements. 

Although boundary-layer theory is a powerful tool, it is 
well known that its assumptions are not valid in the vicin- 
ity of the leading edge of a plate such as is found in this 
case. In this region the derivative d2ux/dx2 is not negligible 
relative to a2ux/ay2, and the pressure gradients in the y di- 
rection are not necessarily small so that the momentum 
equation for uy is not negligible. Likewise the assumption 
of a flat velocity distribution at the entrance is artificial, 
and it seems much more likely that the velocity distribu- 
tion upstream of the entrance will show some effects of 
the plates. 

A numerical solution is reported herein which does not 
use the boundary-layer assumptions and is therefore an 
exact solution in the sense that no terms in the momentum 
equations which are not identically zero have been neg- 
lected. Two cases were studied, the first with the assump- 
tion of a flat velocity distribution at  the entrance and the 
second with a flat distribution far upstream of the en- 
trance. Results for a Reynolds number of 300 are pre- 
sented. 

FORMULATION OF PROBLEM 

The physical situation considered is for the isothermal 
laminar flow of an incompressible Newtonian fluid under 
steady state conditions. There is an infinite number of 
flat plates of negligible thickness and semi-infinite length, 
separated from one another by distances 2y0, and lying 
parallel to the x - z plane between x = 0 and x = co. 
The velocity of the fluid at a large distance upstream from 
the entrance is equal to U,  is parallel to the x axis, and is 
independent of y and z. At large distances downstream 
the velocity distribution between pairs of plates becomes 
parabolic, so the dimension of the problem is from - co 
to + co in the x direction. 

The flow between the plates is independent of z, and 
the equations of continuity and motion are in dimension- 
less form 
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(1) 
dux au, 
ax ay 
- + - = O  

dux +ay-=--  dux 
ux - 

ax aY 
aUY au, ap 4 a2uY a2ul + uy- = -- +-(-+-) ( 3 )  ux - 
ax aY ay N R e  ax2 ay2 

When one takes the x - z plane to lie at the midplane 
between two parallel plates, it is only necessary to con- 
sider the flow between y = 0, at  the center plane and 
y = 1 at the upper plate. The boundary conditions for the 
downstream section x > 0 are 

ux = u, = 0 at y = 1 (4) 
aux - = 0, % = 0 a t y  = 0 
aY 

(6) 
3 
2 

uX=- (1 -y2) ,  uy=O a t z = o o  

For case I the velocity distribution at the entrance is 
taken as flat, or 

u x = l ,  uy=O a t x = O  (7) 
For case I1 the velocity distribution at the entrance is 

unknown, and the following boundary conditions are ap- 
plied to the region x < 0: 

aux 
-- -0 ,  uv=O a t y = 1  a n d a t y = O  (8) 

ux=  1, uy=O a t x = - w  (9) 
aY 

METHOD OF SOLUTION 

The stream function + defined in the usual manner 
a+ a+ 

aY ax 
Uy’-- ux = - 

is introduced, and the elimination of the pressure gradients 
from Equations (2) and (3)  gives a single equation for +: 

Equation (11) can also be written as the vorticity trans- 
port equation 

a+ a@ a+ a* 4 
ay ax ax ay N R ~  

v20 = - ---_._._- 

-(””+-) 4 a 2 W  (12) 
N R ~  3x2 a$ 

with the vorticity defined as 
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Fig. 1. Velocity profiles, case 1. 

The numerical treatment of a problem which has in- 
finite boundaries is awkward, so a transformation from x 
to a new independent variable 11 is used to make the 
boundaries finite. Several forms were considered, and the 
form selected is 

7) = 1- (1  + cx)-’ (14) 
in which c is a constant with a positive value for x > 0 
and a negative value for x < 0. This transformation com- 
presses the scale in terms of x at large distances from the 
entrance, where gradients are small, which is advan- 
tageous for a finite difference solution. Both the upstream 
and downstream regions are transformed into squares, 
O s y  6 1 and 0 f 1. 

The differential equations finally used are 

-I- 

TABLE 1. THE q - x RELATION FOR c = 1.2 

rl 

0 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 

+X +X v 

0 
0.04386 
0.09259 
0.14706 
0.20833 
0.27778 
0.35714 
0.44872 
0.55556 
0.68182 
0.83333 

0.55 
0.60 
0.65 
0.70 
0.75 
0.80 
0.85 
0.90 
0.95 
1.00 

1.01852 
1.25000 
1.54762 
1.94444 
2.50000 
3.33333 
4.72222 
7.50000 
15.83333 

co 

The boundary conditions for the downstream region be- 
come 

+ =  1,-=O ‘a+ a t y =  1 
.aY 

+ = O ,  0 = 0  a t y = O  (18) 

(19) 
3 1 
2 2 

+=-y--y3,  w = 3 y  at,,= 1 

These are straightforward except that w is not known ex- 
plicitly at y = 1. 

For case I the boundary condition at the entrance is 

+ = y ,  w = O  a t q = O  (20) 

+ = l ,  0 = 0  a t y = l  (21) 

+ = O ,  0 = 0  a t y = O  (22) 

+=y,  0 = 0  a t q = l  (23) 

For case I1 the upstream region boundary conditions are 

The general scheme of solution used was to express 
the partial daerential equations in finite difference form 
and to attempt to obtain a solution by iterative methods. 
Because of the nonlinearity of the problem this was by no 
means straightforward, and several formulations gave di- 
vergence except at very low Reynolds number. These trials 
are outlined in the Appendix. The scheme which was 
found to be convergent uses Equations (15) and (16) 
which involve both + and o as functions of r)  and y. The 
finite difference equation for w uses Allen’s method ( 6 )  
and is derived in the Appendix as Equation (A8). The 
finite difference equation for + is derived in the Appendix 
as Equation (Ale) .  

The procedure for solving case I1 was more complicated 
than that for case I and will be described. The increments 
in ,, and y were chosen as equal, that is a/b  = 1. Values 
of 1(1 and w were assigned to the boundary points in ac- 
cordance with the boundary conditions, and initial esti- 
mates of w and + were made for the interior points, in- 
cluding those at ,, = 0. 

In carrying out the iterative calculations the down- 
stream region, the upstream region, and the line at r )  = 0 
were treated separately. One complete iterative consisted 
of the following steps: 

1. New $’s were calculated at -q = 0. 
2. New +’s were calculated for the downstream region. 
3. New $’s were calculated for the upstream region. 
4. New a’s were calculated at 7 = 0. 
5. New a’s were calculated for the downstream region. 
6. New a’s were calculated for the upstream region. 
Single step iteration was used; that is the latest values 

of + and w were used in each calculation. It was found that 
the rate of convergence of the solution could be increased 
by a factor of 4 or so by the method of successive relaxa- 
tion (7) * which is described in the Appendix. The relaxa- 
tion factors M$ and Mo were constant for an iteration but 
not necessarily equal. Values used varied from 1.5 to 0.5, 
and the choice was both empirical and somewhat arbitrary. 

At the end of an iteration the degree of convergence 
defined as 

$ E ( k + 1 / 2 )  -+E,E(k) 
degree of convergence = max (24) 

$ E ( k )  

was used as a criterion to decide whether additional itera- 
tions were necessary. A criterion of 2 X was used, 
which was the limit of the Burroughs-220 and IBM-7090 
computers used. 

When the solution was judged to have converged, the 
*The term “relaxation” is used here rather than the conventional 

over relaxation, as both over and under relaxation are used. 
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Fig. 2. Velocity profiles, case I I .  

point velocities were calculated from Equations (A20) 
and (A21), and pressure gradients were calculated from 
Equations (A23) and (A24). 

Case I and case I1 were solved for a Reynolds number 
of 300 with Ay = A7 = 0.05. The constant c in Equation 
(14) was taken as 1.2 in both cases. 

RESULTS 

The calcuIations resulted in values of +, o, us, uy, 
aP/+, d P / a x ,  and aP/ay at each grid point with intervals 
of 0.05 in 9 and in y for both cases I and I1 at a Reynolds 
number of 300. These, as well as the results of preliminary 
calculations with Ay = AT = 0.10, are reported (8). 
Abridged tables giving us, uy, a P / a x ,  and aP/ay for both 
cases are available (9).  

The velocity profiles found for case I are shown in Fig- 

Fig. 3. uu as function of q, case li. 

TABLE 2. COMPARISON OF RESULTS FOR Us 

Y S  

0.m 
0,s 
0.1 
0 .7  
0.8 

0 . 1  

0.. 
0.1 

D . l  

0 .1  

0.0 

ure 1. The values on the curves are the location in terms 
of 7, and the values of x corresponding to these can be 
found in Table 1. It  will be noted in Figure 1 that the 
velocity distribution is concave ( a2ux/ay2 > 0) in the cen- 
tral portion for the first few values of 9, and inspection of 
the numerical results reveaIs that this is true for 7's as 
large as 0.6. This is in contradistinction to the results ob- 
tained by boundary-layer theory for which a flat distribu- 
tion in the central region is assumed close to the entrance. 

Velocity profiles for case I1 are shown in Figure 2 in 
which two upstream velocity profiles are included. I t  is 
seen that there is a noticeable effect upstream of the en- 
trance and that the velocity distribution at  the entrance 
7 = 0 is smooth. Central concavity of the velocity distribu- 
tion is not evident in Figure 2, although it is present to a 
small extent for values of 7 between 0.30 and 0.60 and is 
most pronounced at q = 0.40, where the maximum vel- 
ocity is 0.5% higher than that at the center. It is judged 
that this concavity is a real effect as it is present to a 
similar extent in the preliminary solution found with 
coarser grid (8). 

The velocity profiles for case I and case I1 are compared 
with those of Schlichting at selected locations in Table 2 .  
As would be expected they agree well at large x and are 
most different close to entrance. In fact if the inlet length 
is defined as the distance from the entrance at  which the 
center-line velocity reaches 98% of its asymptotic value, 
it is found that inlet lengths are quite insensitive to the 
calculation method. In terms of the dimensionless quantity 
vx'/2yO2 U = ~ x / N R ~  the value for case I is 0.067, that 
for case I1 is 0.068, and others (3, 4, 5 )  report values in 
the range 0.068 to 0.069. 

A comparison of velocities at the center line with those 

TABLE 3. COMPARISON OF CENTER-LINE VELOCITIES WITH 
THOSE OF COLLINS AND SCHOWALTER 

Center-line velocities 

X q CaseI* CaseII' C.$S.f Ref. 
1.19 0.588 1.231 1.212 1.200 4 
2.588 0.756 1.324 1.311 1.28 5 
5.175 0.861 1.413 1.407 1.40 5 

* By linear inte olation with respect to 7 in reference 8. 
t Collins and &owalter. 
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Fig. 4. Lines of constant vorticity, case II. 

obtained by Collins and Schowalter (4,  5 )  is given in 
Table 3. Their values are a little smaller than those cal- 
culated by the authors; however the velocity distributions 
are similar in shape in the region for which data are re- 
ported ( 4 ,  5 ) .  Unfortunately Collins and Schowalter did 
not show distributions close to the entrance. 

The velocity components in the y direction are quite 
significant near the entrance. These are shown for case I1 
in Figure 3. The largest value found is -0.186 at x = 0, 
y = 0.90. As uy is zero at y = 1, it is evident that the 
velocity gradient is high near the leading edge of the 
plate. 

Figure 4 shows lines of constant vorticity for case 11. 
The diffusion of vorticity from the plate can be visualized, 
and it is seen that the diffusion in the upstream direction 
is significant near the leading edge. 

As would be expected the pressure gradients are largest 
in the vicinity of the leading edge of the plate. Figure 5 
shows - d P / a x  as a function of 7 in this vicinity. The 
leading edge is a discontinuity, and the numerical results 
at y = 1 and 0.95 can only be considered as semiquantita- 
tive; a finer grid spacing in the immediate vicinity of the 
leading edge would give better results. For clarity - a P / a x  
is shown for smaller values of y in Figure 6. The value of 

n-T-T-n 

1) 

Fig. 5. a P / a x  close to leading edge, case II. 

- %  

X 

7) 
Fig. 6. a P / a x  as function of 71, case 11. 

- aP/dx for the fully developed parabolic profile at x = 
is 0.04 for a Reynolds number of 300. 

Figure 7 shows - aP/ay near the entrance. It is evident 
that this gradient is by no means negligible in this region. 

Table 4 shows a comparison of pressure drops in the 
inlet region for case I, case 11, and Schlichting’s solution. 
Simpson’s rule was used to evaluate j” (aP/a.r))d.r) for the 
first two. The quantity shown is equal to the pressure de- 
crease with reference to free stream conditions minus that 
which would occur in the stated length for fully devel- 
oped parabolic flow, which is 0.04~ for this Reynolds 
number. The quantity shown can be considered as an en- 
trance loss in terms of dimensionless pressure but includes 
that pressure drop due to the increase in kinetic energy; 
the latter amounts to 0.2714 for fully developed parabolic 
flow. Schlichting’s solution neglects pressure gradients in 
the y direction, so only one value is shown for a given x, 
and this appears to be low. As the values of Z / d y  are 
very small at 7 = 0.95, no differences with y should be 
found at this location. However in case I the value for y 
= 0.9 is much smaller than for y = 0.5 or 0.1. This differ- 
ence may be due in part to discretization error near the 
discontinuity at the entrance. However it is believed in- 
dicative that case I does not represent a real physical situ- 
ation, since at y = 0.9 there is a reversal in pressure gradi- 
ent - a P / a x  between 7) = 0.3 and 0.45, and this is re- 

Fig. 7. aP/ay as function of q, case I I .  
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TABLE 4. EXCESS PRESSURE DROP’ 

rl Schlichting Case I Case I1 
y = 0.9 y = 0.5 y = 0.1 y = 0.9 y = 0.5 y =: 0.1 

0 
0.05 
0.15 
0.25 
0.35 
0.45 
0.55 
0.65 
0.75 
0.85 
0.95 

0 
0.033 
0.072 
0.100 
0.127 
0.153 
0.176 
0.196 
0.217 
0.248 
0.301) 

0 
0.0489 
0.1579 
0.1844 
0.1684 
0.1514 
0.1447 
0.1504 
0.1697 
0.2042 
0.2775 

0 
0.0260 
0.0660 
0.1075 
0.1484 
0.1834 
0.2118 
0.2379 
0.2686 
0.3109 
0.3904 

0 
0.0190 
0.0449 
0.0771 
0.1157 
0.1588 
0.2021 
0.2417 
0.2822 
0.3336 
0.3937 

-0.0563 
0.0102 
0.1134 
0.1582 
0.1746 
0.1843 
0.1957 
0.2124 
0.2380 
0.2772 
0.3549 

0.0463 
0.0533 
0.0715 
0.0955 
0.1234 
0.1524 
0.1818 
0.2127 
0.2485 
0.2953 
0.3793 

0.0628 
0.0671 
0.0778 
0.0929 
0.1135 
0.1402 
0.1730 
0.2108 
0.2557 
0.3124 
0.3756 

’ Defined as P( -m) - P i x )  - 0.04~. 
t Schlichting shows this va ue for x + m also. Bodoia and Osterle (3) and Collins and Schowalter (4) show 0.338 as the asymptotic value and 
later (5) give 0.37. 

flected in the lower values shown in Table 3. This reversal 
is apparently a result of the boundary condition at x = 0 
which requires a sudden deceleration of the fluid. Case I1 
exhibits only a small amount of difference at 1) = 0.95, 
and the accuracy of the solution can probably be judged 
by this fact. aP/ay is not negligible at smaller 7, and val- 
ues of the excess pressure drop at different y’s are not ex- 
pected to be the same. 

CONCLUSIONS 

Numerical solutions which are exact in the sense that no 
terms in the governing differential equations have been 
neglected have been obtained for the entrance flow be- 
tween parallel plates. Two types of upstream conditions 
were studied, namely a flat velocity distribution at the 
entrance (case I) and a flat distribution at a large distance 
upstream (case 11). The latter case has more physical sig- 
nificance than the former, and very definite effects are 
transmitted upstream from the leading edges of the plates 
at a Reynolds number of 300, verifying that the usual 
boundary-layer assumption that a2uz/ax2 is negligible is 
not appropriate near the entrance. 

It was found that the overall pressure drop and the 
inlet length predicted by boundary-layer theory methods 
are in reasonable agreement with those found for case 11. 
It is probable that compensating errors are caused by the 
several assumptions made in the boundary-layer theory 
solution. However if velocity distributions and pressure 
gradients near the entrance are wanted, boundary-layer 
theory is not appropriate and the full differential equations 
must be solved with realistic boundary conditions. 

The appearance of concavity and the associated points 
of inflection in the calculated velocity distributions is in- 
teresting, since according to Rayleigh (10) this would be 
expected to be associated with instability. It would be of 
interest to determine whether this concavity increases 
with increasing Reynolds number and whether it could be 
used to predict the transition to turbulent flow for case 11. 

The use of a transformation to reduce the infinite region 
to a finite region was successful, as was the use of Allen’s 
device to obtain convergence. Use of relaxation factors 
varied in an empirical manner was useful in accelerating 
convergence. 

NOTATION 

A 
a = .AT 
B 
b = Ay 
Ci 
c 

= function definede in Equation (A3) 

= function defined in Equation (A4) 

= coeflicients defined in Equation (A9) 
= parameter in 7 transformation, Equation (14) 

d = differential operator 
exp( ) = d )  
G = constant 
H = constant 
h = elevation, ft. 
MJ,  = relaxation factor for I/I 
M U  = relaxation factor for o 
P = dimensionless pressure, (P’ + uh)pU2 
N R ~  = Reynolds number 4yOU/v 
U = free stream and average velocity, ft./sec. 
uz = dimensionless x component of velocity U’JU 
uu = dimensionless y component of velocity u‘u/U 
x ,  9, z = dimensionless Cartesian coordinates x’/yO, y’/yO, 

yo = one half the spacing between parallel plates, ft. 
Greek Letters 
A = increment in 
a = partial differential operator 
7 
K 

1 
v 
p = density, (Ib.) (sec.2)/ft.4 
u + = dimensionless stream function 
o = dimensionless vorticity 
V2 = dimensionless Laplacian operator 
V4 = dimensionless biharmonic operator 
Subscripts 
A,B,C,D,E,F,G,H,I = value at point A, B, C, D, E ,  F ,  G ,  

Superscripts 
(k) = kth iteration 
Prime= on P, x, y, x ,  us ,  uy, dimensional quantities 
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= function of x defined in Equation (14) 
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APPENDIX 

Preliminary Attempts at Solution 

Several numerical methods of solution were tried in order to 
find one with which the iterations converged to a solution and 
which was reasonably efficient in its use of machine time. All 
were tried on case I, and in all schemes the partial difference 
equation written for a particular node was solved for the un- 
known at  that node. 

Initial work on Equation ( 11) with a coarse grid indicated 
that a single step iteration, that is one always using the latest 
values available, converged faster than did total step methods, 
which use the same set of values without replacement to cal- 
culate a complete new set. It also appeared that use of back- 
ward differences on first and third derivatives gave converg- 
ence, while central difference representations of these deriva- 
tives led to divergence. 

A computer program was then written for Equation (11)  
with a 150 by 10 grid in terms of x and y. A parabolic 
velocity distribution was taken at x = 24. Backward differ- 
ences were used for odd derivatives and central differences 
for even derivatives. It was found that the solution converged 
at  a Reynolds number of 30 and diverged at 300. 

Next Equation (11) was transformed to use and y as in- 
dependent variables, and a 10 by 10 grid was used. Again 
backward differences were used for odd derivatives, and cen- 
tral differences were used for even derivatives. The solution 
was found to converge for a Reynolds number of 60 and to 
diverge for 100 and higher Reynolds numbers. Thus the use 
of 11 did not appear to aid stability, but it did allow a signifi- 
cant reduction in the number of grid points without a penalty 
in accuracy. 

Finally an adaption of the method described by Allen (6) 
was tried on a 10 by 10 grid in terms of and y. The finite 
difference equations used are derived in this Appendix as 
Equations ( A 8 )  and (AM). Convergence was found for 
Reynolds numbers of 60, 100, 300, and 1,000. These calcula- 
tions were not iterated sufficiently to obtain fully converged 
solutions however, and velocities were not calculated. 

In order to speed up convergence the method of successive 
relaxation, described in connection with Equations (A17) 
through (A19), was tried on the 10 by 10 grid with Allen's 
method. Starting with a solution for a Reynolds number of 
300 which was converged to the extent that the maximum per- 
centage change in li/ was 0.001% for one iteration, convergence 
of li/ to 8 significant figures took sixty-seven iterations without 
use of relaxation factors (corresponding to M o  and M $  each 
equal to 1) and bimilar convergence was obtained in fourteen 
iterations when successive relaxation was suitably employed. 
It was found that suitable starting values of the relaxation fac- 
tors were about 1.5, that these should be decreased as the 
iterative process progressed, and that the best final values were 
usually less than unity. Several runs were made during which 
the relaxation factors were held constant, and in these cases 
either oscillation or divergence was observed. Although the 
manner in which these factors should be manipulated was not 
fully understood, it was found desirable to decrease Mu faster 
than M$. 

Derivation of Finite Difference Equations 
The method used to obtain a finite difference form for Equa- 

tion ( 15) which gave convergence is due to Allen (6) and is 
as follows. Equation (15)  can be rearranged to give 

N R e  all ) :;] f -  ( 2  )2 4 dx 811 
--- - 

or 

a 2 0  am -++- 
a+ all 

If A and K are assumed constant in Equation (A3), the 

K W  = A y  + G + Hexp ( - ~ y )  (A51 

With reference to Figure A1 Equation (A5) was written for 
points B,  D, and E and the resulting three equations solved to 
give an expression for A, taken to apply at point E: 

solution is 

(A6) 

Similarly, by assuming B and + constant in Equation (A4), 
there is obtained 

K E [ ( O B - W E )  eXp (KEb)  - ( O E - W D ) ]  

b[exp (KEb)  - 11 
AE = 

(A7) 
+ E [  ( WA - W E )  exp (LEU) - ( W E  - WC) 1 

a [exp (LEU) - 11 B E  = 

Equations (A6 and (A7) are substituted in Equation (A2) 
and solved for WE, giving 

CEWE = CAUA + CBCOB + Ccwc + CDWD (AS) 

in which 

___f 

77 
Fig. A l .  Pattern of points. 
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C D  = m/b  [exp ( K E ~ )  - 13 

C E  = C A  + C B  + C C  $. C D  

K and 7, were evaluated with central difference formulas to 
approximate the partial derivatives of $ in Equations (A3) and 
(A4)  : 

K E = S ( Z ) .  ($-4-$'C) 

(A101 
Differentiation of Equation (14)  gives 

The finite difference form used for Equation (15)  is there- 
fore Equation (A8), with the multipliers Ci defined by Equa- 
tions (A9) through (A12), and is used to calculate WE. 

The boundary conditions used with Equation (A8) are 
found in Equations (18)  through (23) plus one derived from 
Equation (17)  as 

W E  = 2( 1 - $ D ) / b 2  at Y E  = 1 (A13 1 
As a matter of interest Equation (A3) can be equated to 

Equation (A6) written in an equivalent form, and the finite 
difference forms of the derivatives can be identified: 

AE = K E  (2) + ( $ ) E  = K E  
( W B - O W E )  

b 

It is seen that a forward difference form is used for the first 
derivative. If the exponential term in Equation (A14) is ex- 
panded in power series, there is obtained 

(2.2) =- (A151 

which approaches a conventional central differ;ence representa- 
tion as the grid spacing b approaches zero. Equation (A7) 
can be treated similarly. 

Equation (16) is linear and was expressed in finite difference 
form by using conventional central differences as 

1 
b2 1 + ~Eb/2! + (KEb)'/3! + . . . 

O B  + O D  - 2OE 

E 

Equation (AM) is used to calculate $E. 
The transformation q as defined in Equation (14) is dis- 

continuous at the origin, and the equations involving q cannot 
be applied at q = 0. However symmetry allows use of finite 
difference equations in terms of x and y at this line, which can 
be written from Equations (A8) through (A10) and (Ale)  
by substituting dq/dx = 1, dzq/dxz = 0, and a = Ax. 

The rate of convergence of the iterative solution of elliptic 
difference equations can be markedly increased by a successive 
relaxation technique ( 7 )  which involves the use of a relaxation 
parameter in combination with the method of successive dis- 
placements (single step). When one uses the iteration for $ 
as an example, the use of a relaxation parameter means deter- 
mination of the new value of $E, $ ~ ( k + 1 )  by the formula 

$ E ( k + l )  = q E ( k )  + M * ( k )  ( $ E ( k + f 1 / 2 )  - $ E ( k ) )  (A17) 

in which $ ~ ( k )  is the present value, $ ~ ( k f 1 / 2 )  is the value of 
$E calculated from Equation (A16), and M$ck) is the relaxa- 
tion factor with 

0 < M p  < 2 (A181 

For linear difference equations which result in symmetric 
matrices with diagonal elements greater than zero and non- 
diagonal elements less than or equal to zero, it is found ( 7 )  
that the optimum relaxation factor lies beween 1 and 2. HOW- 
ever Equations (A8)  and (Al6)  do not meet these require- 
ments, and relaxation factors less than 1 were found useful. 

New values of w are found by use of the equation 
OE(kf1 )  = O E ( k )  + &f,(k) ((OE(k+1/2)- WE(!€) )  (A19) 

in which W E ( ~ + I / ~ )  is the value of WE calculated from Equa- 
tion ( A 8 ) .  

Successive relaxation was used in the following manner for $. 
Calculations started at the point next to q = 0 and next to 
y = 1 and went down the column at constant q, then started 
at the top of the next column and went down, and so forth, 
until the point at the bottom of the column next to q = 1 was 
reached. At each point the existing values of w and the latest 
values of $ were used, and the result from Equation (A17) 
was stored as a latest value, 

The method of successive relaxation used for o was similar to 
that for $. Existing values of $ and latest values of w, from 
Equation (A19), were used. 

After the solution has been determined in terms of $ and w, 
the velocities and pressures can be determined. With central 
differences and the 11 - y grid used, point velocities are given 
by 

Equation ( 2 )  can be expressed as 

(A221 
ap 

which was used in finite difference form as 

4 
- 4  ($A- '&)  ( $ B  + $D - 2 $ E ) ]  += ( O B - O E )  

('423) 

Central differences were used on $; however a forward differ- 
ence was used on the term amlay  in accordance with the repre- 
sentation in Equation (A14) .  

SimilarIy use of Equation (3)  leads to 

( A24 1 
= 0 it was necessary to use equations in terms of an 

x - y grid. These can be obtained from Equations (A20),  
(A21 ) , ( A23 ), and (A24) by taking dq/dx = 1, d z ~ / d P  = 0, 
and a = Ax. 

At 
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